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We study the problem of quantum-state tomography under the assumption that the state of
the system is close to pure. In this context, an efficient measurements that one typically formulates
uniquely identify a pure state from within the set of other pure states. In general such measurements
are not robust in the presence of measurement noise and other imperfections, and therefore are less
practical for tomography. We argue here that state tomography experiments should instead be done
using measurements that can distinguish a pure state from any other quantum state, of any rank.
We show that such nontrivial measurements follows from the physical constraint that the density
matrix is positive semidefinite and prove that these measurements yield a robust estimation of the
state. We assert that one can implement such tomography relatively simply by measuring only a
few random orthonormal bases; our conjecture is supported by numerical evidence. These results
are generalized for estimation of states close to bounded-rank.
I. INTRODUCTION
Quantum-state tomography (QST) is the standard
protocol used to estimate and characterize the state of
a quantum system. QST is expensive to implement ex-
perimentally, however, since the resources to reconstruct
an arbitrary state scale poorly with the dimension of the
Hilbert space. Nevertheless, one can improve the effi-
ciency of QST through the use of prior information. In
state-of-the-art experiments in quantum information sci-
ence the goal is not to produce arbitrary states but pure
states. If one has calibrated the device and seen it to be
performing well, e.g., based on randomized benchmark-
ing [1–3], then with good confidence we can expect that
the device is processing states that are close to pure. As
a first approximation, we can assume the state is exactly
pure, though of course, this is never true in any real de-
vice. Including this prior information in QST results in
more manageable tomography protocol where resources
scale only linearly with the dimension as has been studied
in a variety of previous works [4–14].
When considering pure-state tomography, and
bounded-rank state (a state with rank ≤ r) tomography
more generally, a natural notion of informational com-
pleteness emerges [6], referred to as rank-r completeness.
A measurement is rank-r complete if the measurement
probabilities uniquely distinguish a state with rank
≤ r from any other state with rank ≤ r. A rigorous
definition is given below. Recently, there was an effort
to formulate such measurements [4–6, 9, 10, 12]. For
example, Heinosaari et al. [6] showed for states in finite
d-dimensional Hilbert space, the expectation values of
particular 4r(d − r) observables corresponds to rank-r
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complete measurement. The set of quantum states with
rank ≤ r is, however, nonconvex and therefore, in the
presence of experimental noise, convergence to a reliable
estimate is not guaranteed when using rank-r complete
measurements. This poses a concern for the practicality
of such measurements for QST.
The purpose of this contribution is two fold: (i) We
develop the significance of a different notion of infor-
mational completeness, rank-r strict-completeness. We
prove that strictly-complete measurements allow for ro-
bust estimation of bounded-rank states in the realistic
case of noise and experimental imperfections, by solving
essentially any convex program. Because of this, strictly-
complete measurements are crucial for the implementa-
tion of pure-state QST. (ii) We argue, based on numerical
evidence, that it is fairly straightforward to implement
such measurements based solely on projective measure-
ments in few random orthonormal bases,with a very weak
dependence on the dimension of Hilbert space.
The remainder of this article is organized as follows:
In Sec. II, we define the notions of rank-r complete and
rank-r strictly-complete POVMs. In Sec. III, we establish
the importance of strictly-complete POVMs for practical
QST. In Sec. IV, we provide numerical evidence that a
measurement of a few orthonormal bases implements a
strictly-complete POVM and demonstrate the robustness
of such measurements. Finally in Sec. V, we offer some
conclusions.
II. INFORMATIONAL COMPLETENESS IN
BOUNDED-RANK QST
QST has two basic ingredients, states and measure-
ments, so it is important to define these precisely. A
quantum state is a density matrix, ρ, that is posi-
tive semidefinite (PSD) and normalized to unit trace.
A quantum measurement with m possible outcomes
(events) is defined by a POVM with m elements, E =
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FIG. 1. Various notions of completeness in bounded-
rank QST. The white dots represent Hermitian matrices,
physical or not, that are consistent with the (noiseless) mea-
surement record. (a) Rank-r completeness. The measure-
ment record, distinguishes the rank ≤ r state from any other
rank ≤ r PSD matrix. However, there generally will be in-
finitely many other states, with rank greater than r, that are
consistent with the measurement record. (b) Rank-r strict-
completeness. The measurement record distinguishes the
rank ≤ r state from any other PSD matrix. Thus it is unique
in the convex set of positive matrices. Once normalized, these
are possible quantum states. Thus, the only one physical
quantum state is consistent with the measurement record.
{Eµ : Eµ ≥ 0,
∑m
µ=1Eµ = 1}. A POVM is information-
ally complete if the measurement probabilities, Tr(ρEµ),
distinguish the state ρ from any other state. While we
typically think of POVMs as as a map between quan-
tum states and probabilities, mathematically, a POVM
is a map on any Hermitian matrix, and in particular on
PSD matrices. In fact, it is advantageous to define the
different notions of informational completeness, rank-r
complete and rank-r strictly-complete, in terms of PSD
matrices, and then apply them to quantum states, i.e.,
PSD matrices with unit trace. This highlights the fact
that the definitions and our results are independent of
the trace constraint of quantum states, and only depend
on their positivity property. Additionally, because, by
definition, the POVM elements sum to the identity, the
trace of the matrix is always “measured.” Therefore, we
first present the mathematical formalism in terms of PSD
matrices, and then apply it to quantum states. We will
comment about the role of the trace constraint where
necessary.
Consider a d-dimensional Hilbert space, Hd. Let
ME [·] = (Tr(·E1), . . . ,Tr(·Em)) be the map defined
by the POVM from Hermitian matrices to a real
vector space, Rm. When ME acts on a quantum
state ρ, it returns a vector of probabilities, ME [ρ] =
(Tr(ρE1), . . . ,Tr(ρEm)) ≡ p. More generally, when ME
acts on a PSD matrix X, it returns a “measurement”
vector y, whose components yµ ≥ 0, and
∑m
µ=1 yµ =
TrX. It is also useful to define the kernel of a POVM,
Ker(E) ≡ {X :ME [X] = 0}. Since the POVM elements
sum to the identity matrix, we immediately obtain that
every X ∈ Ker(E) is traceless, Tr(X) = 0.
In bounded-rank QST, rank-r completeness is a nat-
ural concept [6, 8, 11], which we define here in terms of
PSD matrices.
Definition 1: Let Sr = {X : X ≥ 0,RankX ≤ r} be
the set of d× d PSD matrices with rank ≤ r. A POVM
is said to be rank-r complete if
∀X1, X2 ∈ Sr, X1 6= X2,ME [X1] 6=ME [X2], (1)
except for possibly a set of rank-r states that are dense
on a set of measure zero, called the “failure set.”
In the context of QST, the probabilities of a rank-r com-
plete POVM uniquely identify the rank ≤ r state from
within the set of all PSD matrices with rank ≤ r, Sr.
Figure 1a illustrates the notion of rank-r completeness.
Given a rank ≤ r state in the failure set, the probabilities
of the measurement outcomes do not uniquely identify
the state from within the set of all rank ≤ r states; this
was considered in [4, 9, 14]. For random states or a ran-
dom measurement bases, however, the chance of hitting
the failure state is vanishingly small. We comment on the
implications of the failure set for practical tomography in
the sections to follow.
Using Ker(E) we arrive at an alternative, equivalent,
definition for rank-r complete: A POVM E is rank-r
complete if ∀X1, X2 ∈ Sr, with X1 6= X2, the differ-
ence ∆ = X1 − X2 is not in the kernel of E , i.e., ∃Eµ
such that Tr(Eµ∆) 6= 0. Carmeli et al. [8] showed that
a necessary and sufficient condition for a POVM to be
rank-r complete is that every nonzero ∆ ∈ Ker(E) has
max(n−, n+) ≥ r + 1, where n+ and n− are the num-
ber of strictly positive and strictly negative eigenvalues
of a matrix, respectively. This condition was derived for
PSD matrices with rank ≤ r. If we exclude the posi-
tivity property, and only consider the rank property, we
obtain a sufficient condition: a POVM is rank-r com-
plete if every nonzero ∆ ∈ Ker(E) has Rank(∆) ≥ 2r+1.
This sufficient condition applies to all Hermitian matri-
ces with rank ≤ r. Using the sufficient condition alone,
it was shown [6] that the expectation values of particu-
lar 4r(d− r) observables corresponds to rank-r complete
measurement, and moreover [12] that a measurement of
4rdd−rd−1e random orthonormal bases is rank-r complete.
Definition 1 does not say anything about higher-rank
matrices. In particular for QST, if the POVM is rank-
r complete, and the state of the system has rank ≤ r,
then according to the definition, there could be higher-
rank quantum states that yeild the same probabilities.
Therefore, when applying a rank-r complete measure-
ment, in the presence of noise and other experimental
imperfections, it may be difficult to differentiate between
the unique rank ≤ r states and these higher-rank states
since the set Sr is nonconvex. To overcome this diffi-
culty, we can consider a “stricter” definition of rank-r
completeness [7, 8, 11]:
Definition 2: Let S = {X : X ≥ 0} be the set of d× d
PSD matrices. A POVM is said to be rank-r strictly-
3complete if
∀X1 ∈ Sr, ∀X2 ∈ S, X1 6= X2,ME [X1] 6=ME [X2],
(2)
except for possibly a set of rank-r states that are dense
on a set of measure zero, called the “failure set.”
The implication for QST is that when the state being
measured is promised to be in Sr, the measurement prob-
abilities of a rank-r strictly-complete POVM distinguish
this state from any other PSD matrix, of any rank (ex-
cept on the failure set). Figure 1(b) illustrates the notion
of rank-r strict-completeness.
Carmeli et al. [8] showed that a POVM is rank-r
strictly-complete if, and only if, every nonzero X ∈
Ker(E) has min(n−, n+) ≥ r + 1. Again, this condi-
tion relies on the PSD property of the matrices. To
date, there are only a few known POVMs that are rank-
r strictly-complete. One example, we recently showed
that a specific set of 4r + 1 orthonormal bases is rank-r
strictly-complete measurement in the context of matrix
completion [14].
In contrast to the notion of rank-r completeness, which
can be defined generally for bounded-rank Hermitian ma-
trices, the definition of strict-completeness applies non-
trivially only to PSD matrices, and therefore, in partic-
ular to quantum states [14]. To see this, let us apply the
definition of strict-completeness for bounded-rank Her-
mitian matrices, ignoring positivity. Let R be a Hermi-
tian matrix with Rank(R) ≤ r and let H be a Hermi-
tian matrix with Rank(H) ≤ d. Then the rank of their
difference, ∆ = R − H, is at most d, Rank(∆) ≤ d.
Therefore, following the definition, in order to be a rank-
r strictly-complete for Hermitian matrices, the kernel
of the measurement must not include Hermitian matri-
ces whose rank ≤ d. Since the latter is the set of all
d× d Hermitian matrices, we conclude that the kernel of
such measurement includes only the (trivial) zero matrix.
This, in turn, means that to be a rank-r strictly-complete
measurement for all Hermitian matrices the measure-
ment must be fully informationally complete, i.e., able
to uniquely identify any Hermitian matrix, of any rank.
III. THE POWER OF STRICTLY-COMPLETE
MEASUREMENTS
The power of strictly-complete measurements become
evident when we consider implementations in a realis-
tic experimental context. It is essential that the estima-
tion protocol be robust to noise and other imperfections.
Thus, any realistic estimation procedure should allow one
to find the closest estimate (by some appropriate measure
of distance) given a bound on the noise. We can ad-
dress this by convex optimization, whereby the estimate
is found by minimizing a convex function over a con-
vex set. Since rank-r strictly-complete POVMs uniquely
identify a rank-r quantum state within the convex set
of PSD matrices, the data obtained from measurements
defined by these POVMs fits the convex optimization
paradigm. On the other hand, rank-r complete measure-
ments uniquely identify the rank-r state only within the
non-convex set of rank-r PSD matrices, and therefore are
not compatible to use with convex optimization.
In the following corollaries the variable X is a PSD
matrix, not necessarily with a unit trace. We first con-
sider the case that the measurement is noiseless with the
following corollary:
Corollary 1 (uniqueness): Let ρ0 be a quantum state
with rank ≤ r, and let p = ME [ρ0] be the correspond-
ing probabilities of a rank-r strictly-complete POVM E .
Then, the solution to
Xˆ = arg min
X
C(X) s.t.M[X] = p and X ≥ 0, (3)
or to
Xˆ = arg min
X
‖M[X]− p‖ s.t. X ≥ 0, (4)
where C(X) is a any convex function of X, and ‖ · ‖ is
any norm function, is unique: Xˆ = ρ0.
Proof: This is a direct corollary of the definition of strict-
completeness. Since, by definition, the probabilities of
rank-r strictly-complete POVM uniquely determine ρ0
from within the set of all PSD matrices, its reconstruc-
tion becomes a feasibility problem over the convex set
{M[X] = p, X ≥ 0},
find X s.t.M[X] = p and X ≥ 0. (5)
The solution for this feasibility problem is ρ0 uniquely.
Therefore, any convex program, which looks for the so-
lution within the feasible set, is guaranteed to find ρ0.

Corollary 1 was proved in [13] for the particular choice
C(X) = Tr(X) , and also in the context of compressed
sensing measurements in [11]. Note, while one can also
include a trace constraint Tr(X) = t, in this noiseless
case, Eqs. (3) and (4), this is redundant since any POVM
measures the trace of a matrix. Thus, if we have prior in-
formation that Tr(X) = t, then the feasible set in Eq. (5)
is equal to the set {X |M[X] = p, X ≥ 0, and Tr(X) =
t}. In particular, in the context of QST with noiseless
data, the constraint Trρ = 1 would be redundant; the
reconstructed state would necessarily be properly nor-
malized.
The Corollary implies that strictly-complete POVMs
allow for the reconstruction of bounded-rank states via
convex optimization, even though the set of bounded-
rank states is nonconvex. Moreover, all convex programs
over the feasible solution set, i.e., of the form of Eqs. (3)
and (4), are equivalent for this task. For example, this
result applies to maximum-(log)likelihood estimation [17]
where C(ρ) = − log(∏µ Tr(Eµρ)pµ). The Corollary does
not apply for states in the POVM’s failure set, if such set
exists.
In any real experiment, the assumption that the state
has rank ≤ r is only an approximation, and moreover
4the measurement record always contains experimental
noise. In this case, we wish to find an estimate of the
state, e.g., the closest state consistent the measurement
record. Determining such a state for rank-r complete
measurements is generally a hard problem since the set
of bounded-rank states in nonconvex. However, strict-
completeness, together with the convergence properties
of convex programs, ensure a robust state estimation in
realistic experimental scenarios. This is the main advan-
tage of strictly-complete measurements and it is formal-
ized in the following corollary.
Corollary 2 (robustness): Let σ be the state of the
system, and let f =ME [σ] + e be the (noisy) measure-
ment record of a rank-r strictly-complete POVM E , such
that ‖e‖ ≤ . If ‖f −ME [ρ0]‖ ≤  for some quantum
state ρ0 with Rank(ρ0) ≤ r, then the solution to
Xˆ = arg min
X
C(X) s.t. ‖M[X]−f‖ ≤  and X ≥ 0, (6)
or to
Xˆ = arg min
X
‖M[X]− f‖ s.t. X ≥ 0, (7)
where C(X) is a any convex function of X, is robust:
‖Xˆ − ρ0‖ ≤ CE, and ‖Xˆ − σ‖ ≤ 2CE, where ‖ · ‖ is any
p-norm, and CE is a constant which depends only on the
POVM.
The proof, given in the Appendix, is derived from
Lemma V.5 of [13] where it was proved for the particular
choice C(X) = Tr(X). In [11] this was also studied
in the context of compressed sensing measurements.
This corollary assures that if the state of the system
is close to a bounded-rank density matrix, and it was
measured with strictly-complete measurements, then it
can be robustly estimated with any convex program,
constrained to the set of PSD matrices. In particular, it
implies that all convex estimators preform qualitatively
the same for low-rank state estimation. This may be
advantageous especially when considering estimation of
high-dimensional quantum state. As in the noiseless
case, the trace constraint is not necessary for Corol-
lary 2, and in fact leaving it allows us to make different
choices for C(X), as was done in Ref. [13]. Therefore,
in general, the estimated matrix Xˆ is not normalized,
TrXˆ 6= 1. The final estimation of the state is then
given by ρˆ = Xˆ/Tr(Xˆ). In principle, we can consider a
different version of Eqs. (6) and (7) where we include
the trace constraint, and this may have implications for
the issue of “bias” in the estimator. This will be studied
in more details elsewhere.
IV. NUMERICAL EXPERIMENTS
We study here a straightforward experimentally fea-
sible protocol to implement strictly-complete measure-
ments. In particular, in our numerical analysis shown
below, we find that simply by measuring only few random
orthonormal bases amounts to strict-completeness. Note,
measurement of random bases were also considered in
the context of compressed sensing (see, e.g., in [15, 16]).
However, when taking into account the PSD property
of density matrices, we obtain strict-completeness with
fewer measurements than required for compressed sens-
ing [11]. Therefore, strict-completeness does not imply
compressed sensing. While for quantum states, all com-
pressed sensing measurements are strictly-complete [11],
not all strictly-complete measurements are compressed
sensing measurements.
As a first numerical test we study the number of ran-
dom bases that corresponds to a rank-r strictly-complete
measurement for r = 1, 2, 3. To determine this, we take
the ideal case where the probabilities are known exactly
and the rank of the state is fixed. We consider two types
of measurements on a variety of different dimensions:
(i) a set of Haar-random orthonormal bases on unary
systems with dimensions d = 11, 16, 21, 31, 41, and 51;
and (ii) a set of local Haar-random orthonormal bases
on a tensor product of n qubits with n = 3, 4, 5, and
6, corresponding to d = 8, 16, 32, and 64, respectively.
For each dimension, and for each rank, we generate 25d
Haar-random states. Each state is then measured with
an increasing number of bases. The noiseless measure-
ment record, p, are the probabilities of the measurement
outcomes. After each new basis measurement we use the
constrained least-square (LS) program, Eq. (4) where ‖·‖
is the `2-norm, to produce an estimate of the state. We
emphasize that the constrained LS finds the quantum
state that is the most consistent with p with no restric-
tions on rank. The procedure is repeated until all es-
timates match the states used to generate the data (up
to numerical error of 10−5 in infidelity). This indicates
the random bases used correspond to a rank-r strictly-
complete POVM.
Dimension
Unary Qubits
Rank 11 16 21 31 41 51 8 16 32 64
1 6 6
2 7 8 8 9 9 10
3 9 10 11 12 12 13 12 15
TABLE I. Number of random orthonormal bases cor-
responding to strict-completeness. Each cell lists the
minimal number of measured bases for which the infidelity
was below 10−5 for each of the tested states in the given di-
mensions and ranks. This indicates that a measurement of
only few random bases is strictly-complete POVM.
We present our findings in Table I. For each dimen-
sion, we also tested fewer bases than listed in the table.
These bases corresponded to strictly-complete measure-
ments for most states but not all. For example, for the
unary system with d = 21, using the measurement record
from 5 bases we can reconstruct all states with an infi-
delity below the threshold except for one. The results in-
5dicate that measuring only few random bases, with weak
dependence on the dimension, corresponds to a strictly-
complete POVM for low-rank quantum states. Moreover,
the difference between, say rank-1 and rank-2, amounts
to measuring only few more bases. This is important,
as discussed below, in realistic scenarios when the state
of the system is known to be close to pure. Finally,
when considering local measurements, more bases are re-
quired to account for strict-completeness when compared
to unary system, see for example results for d = 16.
Next, we simulate a realistic scenario, where the state
of the system has high purity and the experimental data
contains statistical noise. From Corollary 2 we expect
to obtain a robust estimation of the state, by solving
any convex estimator of the form of Eqs. (6) and (7),
when measuring a set of random orthonormal bases that
correspond to rank-1 strictly-complete POVM.
As before we numerically study unary systems, (d =
11, 21, and 31) and systems composed of (3,4, and 5)
qubits, with the same bases introduced for the noiseless
case. We generate 200 Haar-random pure-states (target
states), {|ψ〉}, and take the state of the system to be
σ = (1 − q)|ψ〉〈ψ| + qτ , where q = 10−3, and τ is a
random full-rank state. The measurement record, f , is
simulated by sampling m = 300d trials from the prob-
ability distribution corresponding to the measured ba-
sis. For each number of measured bases, we estimate the
state [17, 18] based on different convex optimization pro-
grams: (i) A constrained trace-minimization program,
Eq. (6) with C(ρ) = Tr(ρ), (ii) a constrained LS pro-
gram, Eq. (7) using the `2-norm, and (iii) the maximum-
(log)likelihood program based on the algorithm described
in [19].
In Fig. 2 we plot the average infidelity (over all tested
states) between the target state, |ψ〉, and its estimation,
ρˆ, 1−〈ψ|ρˆ|ψ〉. As ensured by Corollary 2, the various con-
vex programs we used robustly estimate the state with
number of bases correspond to rank-1 strictly-complete
POVM. Furthermore, in accordance to our findings of
Table I, measuring only a few more bases, such that the
overall POVM is rank-2 strictly-complete, and so forth,
we improve the estimation accordingly. A practical pro-
tocol for doing QST could be to iteratively measure a
basis and reconstruct the state via convex optimization
until the fidelity converges.
V. CONCLUSIONS
We have studied QST under the assumption that the
state of the system is known to be close to a pure state,
or more generally, to a rank ≤ r state. Since the set
of rank ≤ r states is nonconvex, it is generally difficult
to robustly estimate the state of the system by measur-
ing rank-r complete POVMs. We showed, however, that
a robust estimation is guaranteed if the measurements
are rank-r strictly-complete. Such measurements effi-
ciently identify a low-rank state from within the set of
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FIG. 2. Simulation of QST under realistic conditions.
We assume that the state of the system is close to a target
pure state. We plot the average infidelity between the target
pure state and its estimation as a function of measured bases.
Most of the information about the state is obtained when
the number of measured bases corresponds to rank-1 strictly-
complete, c.f. Table I. Following Corollary 2, we obtain a
robust estimation regardless of the particular program used
to estimate the state.
all quantum states. The essential ingredient to strict-
completeness is the positivity constraint associated with
physical density matrices. Moreover, the estimation can
be done by solving any convex program over the feasi-
ble set and the estimate returned is robust to errors. In
addition, guided by numerical tests, we conjecture that
it is rather straightforward to design strictly-complete
measurements. Depending on the dimension and rank of
the state, measuring only few random orthogonal bases
results in strict-completeness, for unary system as well
as system of qubits. Therefore, strictly-complete mea-
surements are essential for practical implementations of
QST.
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Appendix A: Proof of Corollary 2
The proof of Corollary 2 uses Lemma V.5 of [13],
restated as follows.
Lemma 3: Let E be a rank-r strictly-complete POVM,
and let f = ME [σ] + e be the measurement record
of some quantum state, σ. If ‖f − ME [ρ0]‖ ≤  for
some quantum state ρ0 with Rankρ0 ≤ r, then for every
PSD matrix X such that ‖ME [X] − f‖ ≤ , we have
‖X − ρ0‖ ≤ CE, where CE depends only on the POVM.
The proof of this Lemma can be found in [13]. To
prove Corollary 2, we first show that ‖Xˆ − ρ0‖ ≤ CE.
The convex programs of Eqs. (6) and (7) in the main text
look for a solution that minimizes some convex function
on the set {‖ME [X] − f‖ ≤ ,X ≥ 0}. According to
the Lemma, any PSD matrix X within this set satisfies
‖X−ρ0‖ ≤ CE. Since the solution Xˆ is also in that set,
we obtain that ‖Xˆ − ρ0‖ ≤ CE.
Next, we show that ‖Xˆ−σ‖ ≤ 2CE. Since we assume
‖e‖ ≤ , σ is in the set {‖ME [X]− f‖ ≤ ,X ≥ 0}, and
according to the Lemma ‖σ − ρ0‖ ≤ CE. Therefore we
have
‖Xˆ − σ‖ = ‖Xˆ − ρ0 − σ + ρ0‖ ≤ ‖Xˆ − ρ0‖+ ‖σ − ρ0‖
≤ 2CE.

For convenience one parameter, , is used to quantify the
various bounds. However it is straightforward to general-
ize this result to the case where the bounds are quantified
by different values.
